In this paper, we prove introduce some fixed point theorems for quasi-contraction under the cyclical conditions. Then, we point out that a common fixed point extension is also applicable via our earlier results equipped together with a weaker cyclical properties, namely a co-cyclic representation. Examples are as well provided along this paper.
Introduction
Since Banach [1] proved his contraction principle in 1922, many authors have improved, extended and generalized Banach's contraction principle in several ways and applied the principle to differential and integral equations, variational inequality theory, complementarity problems, equilibrium problems, optimization problems, convex analysis and many others. Then f has a unique fixed point. Also, in 1974, Ććirić [3] generalized his own result [2] by introducing the quasi-contraction and proved a fixed point theorem under this condition as follows: into itself is said to be a quasi-contraction if there exists a number be a complete metric space and f X X  be a quasi-contraction. Then f has a unique fixed point in X.
In 2005, Rus [4] introduced the cyclical condition in metric spaces. For some results on fixed point theory, we refer the readers to [5] [6] [7] . Throughout this paper, we denote the set is a cyclic representation of Y with respect to f; 2) there exists 
, is called an ultrametric space. Remark 2.5. Note that an ultrametric space is also a metric space. We can simply prove this. In fact, for any , the the proof is finished. So, assume that
and, by induction, we have .
Hence we have
Assume that
Then we can see that
, which is a contradiction. Therefore, from (1), it follows that
. By repeating this process, we have    
Thus it is easily seen that 
 is the unique fixed point of f .
Next, we show that x z . Since Z and , we have 
We have a contradiction if 
n n n n n n n n n
Thus, by repeating this process, we obtain 

. This completes the proof. ■ Notice that our results do not only generalize Ććirić's result, but also make it easier to determine the fixed point of a given mapping as in the following example:
Example 2.7. Consider a weighted graph
makes G a complete K 4 graph with weights j for each given as follows:
For the understanding of the readers, we illustrate G as a figure in the following:
Now, define a function by letting, for all , if i = j and 
.
Common Fixed Point Theorems
In this section, we prove some common fixed points theorems for the co-cyclic conditions. Before we can prove our results, we also need the following, which is an extension of Definition 2.
Definition 3.1. Let X be a nonempty set and Theorem 3.5 can be proved using the analogous ideas of the proofs in Section 2. However, we prove Theorem 3.5 differently by using the following lemma ( [8] . This completes the proof.
Note that our conditions are not strong enough to show the existence of a common fixed point of two mappings. To guarantee the existence and uniqueness of a common fixed point, we need an additional condition, namely, a weak compatibility, which is defined as follows:
Definition 3.7.
[9] Let X be a nonempty set. Proof. Since all the conditions in Theorem 3.5 hold, it follows that f and g have a unique point of coincidence w of f and g, that is, . This means w gw  is also a point of coincidence of f and g. Since the point of coincidence of f and g is unique, we have that fw gw w   , that is, w is a common fixed point between f and g.
For the uniqueness of the point w, suppose that fz gz z   z w . Hence z is a point of coincidence of f and g. Since the point of coincidence of f and g is unique, we conclude that  . Thus f and g have a unique common fixed point w in Z. This completes the proof. The proof of this theorem can be completed using the proof of Theorems 2.6, 3.5 and 3.8 and so we omit here. 
